
n = number density 
P = pressure 
Po(n) = pressure of homogeneous fluid at density n 
R = gasconstant 
T = temperature 
u = intermolecule potential 
V = volume 
x = distance 

Greek Letters 

u = Peng-Robinson parameter 
V = gradient operator 

= energyparameter 
o = grand thermodynamic potential 
O~ = accentric factor 
u = length parameter 
p = chemical potential 

Superscripts and Subscriph 

B = bulk 
C = critical 

f &id 
R = reduced + = density independent 
o = homogeneous fluid property 
* = dimensionless 

= surface tensions 
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Calculation Numerical and 
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Inversion 

of Laplace Transforms 
W. A. HAHN 

and 
J. 0. I.. WENDT A method for the interpretation of data which results from a signal 

altered by a process of known weighting function was developed. The 
method is based on the numerical evaluation and inversion of the Laplace 
transform. For two different weighting functions, it is shown how narrow a 
signal can be interpreted accurately. The method is then applied to coal 
volatilization data. 

Department of Chemical Engineering 
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SCOPE 

In many chemical engineering problems, a rapid process 
can be experimentally followed by a detector, only after 
some (known) distortion of the signal has occurred. The 

effect of the distortion is to retard and broaden the time 
span measured, thus allowing for a finite detector response. 
This paper is concerned with numerical procedures that ” 
allow-rdovery of a signal (input) which h i  been distorted 
by a process with a known transfer function and where the 0001-1541-78-1732-1080-$00.95. 0 The American Institute of Chem- 

ical Engineers, 1978. 

Page 1080 November, 1978 AlChE Journal (Vol. 24, No. 6) 



output of the process is the measured quantity. Given an 
experimental output and a known transfer function, the 
input is determined by dividing the Laplace transform of 
the measured detector response by the transfer function 
and inverting the result. A central feature of this paper is 
that the Laplace transforms are both obtained and in- 
verted numerically, and a comparison of numerical tech- 
niques of Bellman (1966) and of Krylov (1969) is obtained. 

The purpose of the present work was to determine, 
quantitatively, the degree to which this method utilizing 
Laplace transforms could be implemented in practice. 
Specifically, we determine how narrow an input could be 
obtained, with accuracy, for two transfer functions and 
for given outputs. Clearly, numerical inaccuracies do not 
allow determination of a delta function as an input from 
the appropriate output. 

A methodology for determining practical limits of this 
approach was developed. First, a Gaussian distribution 
was convoluted (in the time domain) with the appropriate 
weighting function. The output so obtained was numeri- 
cally transformed into the Laplace space, and the resulting 
input was recalculated using both numerical inversion 
techniques. Accuracy of the recalculated input was de- 
termined by comparison with the original signal. Two 

different weighting functions used in this work ewe-  
sponded to a single well-stirred tank and to a well-stirred 
tank folIowed by axial dispersion in a capillary (with a 
time lag). Although practical limits of this method, and 
necessary precautions to be taken, do depend on the 
weighting functions used, the methodology described 
herein can be employed to determine the value of this 
method for o&er weighting functions. 

Numerical invcrsion of Laplace transforms is not new 
(Seinfeld and Lapidus, 1974). Previous work has utilized 
Bellman’s method (Sy and Lightfoot, 1971) and Krylor’s 
method (Hahn and Plachco, 1977) for the solution of spe- 
cific equations. Laplace transforms are traditionally used 
to determine transfer (and/or weighting functions) from 
known inputs and outputs. This work is different in that 
we wish to determine a distorted input from a known 
transfer function and from numerical output data, and 
indeed we wish to investigate how narrow an input can 
be detected (in practice) using numerical evaluation and 
inversion of Laplace transforms. This paper should, there- 
fore, be viewed as a practical application of available tech- 
niques to a new problem, and an important feature of this 
work is a quantitative comparison of two different inver- 
sion techniques. 

CONCLUSIONS AND SIGNIFICANCE 

Actual time resolved data, describing coal volatilization 
in a system in which very severe distortion of the desired 
signal had occurred, was successfully recovered. In addi- 
tion, the practical limits of utility of this method were ex- 
plored. 

The advantage of the method described herein is that 
discrete output data can be interpreted with no a priori 
knowledge of the input or of input characteristics. The 
method, however, has a practical limitation in that there 
is a minimum difference between weighting function and 
output which can be resolved. When the distortion pro- 
duces no time lag, very narrow inputs, almost approximat- 
ing a delta function, can be resolved. This is because at 
t = 0 there is a significant difference between output and 
weighting functions. When a time lag is present, the 
method may be restricted to cases in which the ratio of 

heights of the output to that of the weighting function is 
greater than 1.1, and the ratio of times at which their 
respective peaks occur ii greater than 0.8. Furthennore, 
special precautions outlined in this paper must be taken, 
lest noise in the output be interpreted as imaginary input. 

Of the two numerical inversion techniques examined 
here, that of Krylov is to be preferred because it allows 
the input to be calculated at any chosen time. Bellman’s 
technique, although simpler, can lead to substantial scatter 
in the predictions, and can overlook, completely, inputs 
occurring at small times. 

General applicability of this method will depend some- 
what on the weighting functions used. The methodology 
described herein can be utilized to determine limits of ap- 
plication for other specific weighting functions. 

In the acquisition of data of very rapid processes, two 
major problems are likely to occur. The data to be mea- 
sured are distorted by some portion of the equipment or 
the signal is too fast to be measured. In this second case, 
the signal has to be spread out in time, and the result 
from this process is measured, In both cases, the informa- 

tion available is a function which is related to the signal 
of interest through convolution with a weighting function, 
A specific exampie of such a problem is shown in Figure 1. 

The apparatus in Figure 1 was designed to study the 
evolution of volatiles from a coal particle which was heated 
very rapidly. The volatiles were quenched by a stream of 

AlChE Journal (Vol. 24, No. 6) November, 1978 Page 1081 



cold helium gas blown over the surface of the particle. 
The helium carries the volatiles through a capillary tube 
to a detector which measures the concentration of the vola- 
tiles as a function of time. The flow rate of the helium was 
kept small in order to avoid total loss of detector signal 
due to dilution, and so in the capillary tube there exists a 
well-defined laminar velocity profile, and diffusion plays a 
very important role. Also, the effect of diffusion is to 
spread the signal out in time so that the detector is able 
to react and give a response different from a single sharp 
peak. Therefore, the signal measured in the detector was 
much broader than that corresponding to the actual events 
at the particle surface. 

The problem was, then, to relate the signal measured 
at the exit of the capillary tube (output signal) to the 
actual rate of evolution of the species from the particle 
surface (input signal). The problem is described mathe- 
matically by a PDE with a final condition, and its soh-  
tion using analytical or standard numerical techniques 
is difficult. 

One approach, shown in Figure 2a, to reduce the data 
is to use a mechanistic model for the physical phenomena 
that occur inside the particle when it is heated. This 
model generates an output signal which depends on a 
number of parameters contained in the model. A nonlinear 
regression technique can be used to adjust parameters in 
the model until the output [o( t ) ]  agrees with experi- 
mental data. This method has been applied successfully 
by Blair et al. (1977), but the shape of the input Z ( t )  is 
restricted by the choice of the model. 

A second approach, shown in Fig. 2b, is to use nonlinear 
regression to adjust a set of parameters which represent 
points of the input signal. This approach was attempted 
in this work, using a modified Marquardt algorithm (Mar- 
quardt, 1963), but it failed because the nonlinear regres- 
sion diverged. 

A third approach, shown in Fig. 2c, takes into account 
that there is a relation between the Laplace transform 
of the input and the Laplace transform of the output. 
Namely, the Laplace transform (LT) of the output equals 
the LT of the input times the LT of the weighting func- 
tion. Thus, the LT of the input can be obtained without 
recurrence to a model, and this allows information (such 
as the shape of the input) needed to develop the physical 
model to be obtained. The LT of discrete data output may 
be obtained by direct numerical integration. Once the LT 
of the input function has been obtained, it must be in- 
verted to yield the actual signal as a function of time. 
This can be accomplished by numerical techniques. 

The present study shows how and to what accuracy this 
approach may be implemented. This was done by choos- 
ing an input function and calculating, by convolution in 
the time domain, the output that would be obtained from 
equipment which has a given weighting function. Then 
this output was transformed and divided by the transform 
of the weighting function (transfer function), thus yield- 
ing the transform of the input. This transform was in- 
verted numerically using two different techniques, and the 
result was compared to the initial input. Finally, it is 
shown how the method was used to reduce actual data 
from coal volatilization as obtained in the apparatus shown 
in Figure 1. 

NUMERICAL INVERSION AND EVALUATION OF THE 
LAPLACE TRANSFORM 

There exist two fundamentally different techniques for 
the numerical inversion of a Laplace transform. These 
techniques are both based on numerical quadrature to 
evaluate an integral. The technique developed by Krylov 

and Skoblya (1969) is based on numerical calculation of 
the integral involved in the inversion theorem 

f ( t >  = - 2nt $""" c - i m  ePtF(p)dp (1) 

while the technique developed by Bellman, Kalaba, and 
Lockett (1966) and Bellman et al. ( 1964) uses numerical 
quadrature on the integral which defines the Laplace 
transform: 

F ( p )  = e -p t f ( t )d t  (2) 

Both methods require that the function F ( p )  be evaluated 
for certain values of the complex variable p .  

The principal advantage of Bellman's method is that p 
is chosen to be a real number, and no complex arithmetic 
is involved in the application of this inversion technique; 
however, the values of the inverse function are obtained 
at fixed points in time, and the freedom to choose a par- 
ticular time interval of interest is lost. Krylov's technique 
involves complex arithmetic, but the time at which the 
inverse is obtained is a parameter and can be chosen 
arbitrarily. 

The fact that for Krylov's method the value of p is a 
complex number makes the numerical evaluation of F ( p )  
difficult in that normal quadrature formulas cannot be 
used. If the variable p is expressed as 

p = x + i y  (3) 
Equation (2) after some rearrangement becomes 

F ( p )  = im e-zt cos ( yt) f ( t )  dt 

- 4 -  e-zt sin(yt)f( t )  dt (4) 

The integrands in Equation (4 )  show an oscillatory be- 
havior with frequency y. Krylov's technique requires this 
frequency to be very high, and so the integrals to be eval- 
uated require use of Filon's quadrature (Filon, 1928). 

STATEMENT OF THE PROBLEM 

I t  was desired to develop a methodology that allowed 
the practical limits of the numerical Laplace transform 
method to be determined. Specifically, we wished to de- 
termine the smallest difference between an output and a 
weighting function that could be numerically evaluated in 
terms of a narrow input function. Clearly, numerical inac- 
curacies do not allow accurate determination of a delta 
function as an input, where the output is identical to 
the weighting function. Furthermore, it is evident that 
there exist pairs of outputs and weighting functions for 
which no inputs exist; that is, the input is imaginary and 
may lie on the negative time axis. 

The methodology developed here consisted of the fol- 
lowing. First, a normal distribution with adjustable vari- 
ence u 

1 
I ( t )  = - exp [- ( t  - t)2/22] (5) 

f l b u  

was chosen as the known input. As u approaches zero, 
I ( t )  approaches a delta function. This input was con- 
voluted with the weighting function, to be defined subse- 
quently, to obtain the output as a function of time, This 
output was transformed numerically into Laplace space, 
divided by the transfer function, and the result inverted 
to yield the recalculated input. The latter was compared 
to the original normal distribution. This procedure was 
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continued for decreasing values of u until a minimum 
value of u was found, below which a stable solution was 
unobtainable. Results shown are from programs in double 
precision on a DcC-10 computer, that is, utilizing a capa- 
bility of carrying fifteen significant figures. 

In this work, two different weighting functions were 
used, the first one being the weighting function associated 
with a well-stirred tank, This weighting function was 
chosen because it produces a smooth output with no time 
lag. The second weighting function is the one correspond- 
ing to a well-stirred tank rollowed by axial dispersion in a 
capillary tube. This weighting function originates an out- 
put with a time lag and sometimes a very steep initial 
slope; it was chosen because it is the weighting function 
associated with the actual experimental equipment shown 
in Figure 1. For brevity, the first weighting function will 
be called “simple weigliting function” and the second the 
“realistic weighting function.” 

Simple Weighting Function 

In the time domain, the expression is 

W ( t )  = -e--t/T1 
1 

T l  

and its transformed expression is 

(7) 

The analytic output can be found by convoluting Equa- 
tion (5)  and the weighting function Equation (6); the 
resulting expression is 

In this work we set 
rl = 2.04 s 

Ieading to a weighting function duration of approximately 
11 s. 

Figure 3 shows the input, weighting function, and out- 
put in the time domain for input u = 0.2 s. Figure 3 also 
defines the quantities a and p, which are a measure of 
the differences between the output and weighting func- 
tions. 

Realistic Weighting Function 

The weighting function in this case is given by con- 
volution integral of the individual weighting functions of 
the well-stirred tank and the capillary tube with axial 
dispersion. The expression of the weighting function in the 
time domain is given by 

where DN = DJCr, .  The LT of this weiqhtiny function 
was found in the literature (Wen and Fan, 1975) and 

DETECTOR 

HELIUM COAL PARTICLE VOLITILIZATION, CARRIER GAS 

PLATINUM RIBBON 

M = =429.4 

W E L L  STIRRED REACTOR 
T I  = 2 0 4  SECS 

2 DE 

I 
TAYLOR-ARIS DIFFUSION 
I N  LAMINAR FLOW 
‘t2 = 3 474 SECS 

Fig. 1. Schematic of apparatus utilized to obtain coal volatilization 
data. 

Volatiloztion 
Model 

Para- 
metsrs 
(4) 

A: Mechanistic Approach 

I ( i )  O(t )  
> 

Guess 
Set of 
Points 
(20)  

B: Empirical Approach 

Trons- 

-I.. . . . . . .o Weighting Function . . . . . . . . . . . 

C: Use of Laplace Transform; Note: UP)= .C [l(t)] 

W(P)’.C [W(t)l 
O(P)’ L [O“’] 

Fig. 2. Some schemes to analyze distorted data. 

In this work we set 
r1 = 2.04s 

I2 = 3.474 s 

M = 427.4 
because these vaIues correspond to the actual equipment 
used (Figure 1). 
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4 = to  
h 

hw 
p:” 

4.8 6.0 7.2 8.4 
t, seconds 

Fig. 3. Input, simple weighting function, and output [Equations (5), 
(61, and (811. Input Q = 0.2 s. 

It is important to note that Equation (10) is valid only 
for large values of M. For this weighting function, the 
convolution integral which expresses the output was cal- 
culated numerically using Gaussian quadrature. Figure 4 
shows the input, realistic weighting function, and output in 
the time domain for input u = 0.2 s. Figure 4 also defines 
B and y, both of which are a measure of the difference be- 
tween output and weighting functions. 

In this work, the Laplace transform of the output was 
obtained by direct numerical integration. When very few 
data points are available and the shape of the output 
,function is well known, a multiparameter function with 
known analytic transform can be fitted to this output. Ad- 
vantages and problems with this latter approach are de- 
scribed by Hahn (1977). 

RESULTS 

Simple Weighting Function 

The Laplace transform of the function expressed by 
Equation (8) was calculated numerically using Gaussian 
quadrature when p was a real number (required for Bell- 
man’s technique) and using Filon (1928) quadrature when 
p was a complex number (required for Krylov’s tech- 
nique). Figure 5 shows results using Krylov’s and Bell- 
man’s inversion techniques for an input = 0.05 s, u = 
0.3 s, B = 0.93. With Krylov’s inversion technique, the 
agreement between the given and recalculated inputs is 
perfect, If we use Bellman’s inversion, a good, but not 
perfect, agreement is obtained. Figure 6 shows the results 
calculated using only Krylov’s technique for input a = 
10-6 s, u = 7 x 10-8 s, B = 1.00. It can be observed 
that the recalculated input still agrees perfectly with the 
given input, Bellman’s method could not be applied be- 
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cause none of the points in time at which the inverse is 
calculated corresponds to the period during which the 
input is different from zero. The good result obtained using 
Krylov’s method shows that an input which is very close 
to a Dirac function can be obtained. It should be noted, 
however, that for this weighting function, even a small 
perturbation to a Dirac function leads to a large per- 
turbation to the weighting function as t tends to 0, even 
though /3 = 1 and u = 0. 

In this case, Krylov’s seems to be the better inversion 
method. It not only permits analysis of much faster signals 
than Bellman’s, but it also leads to much more accurate 
results. 

Realistic Weighting Function 

The output was generated by numerically convoluting 
Equations (9)  and ( 5 ) .  

Figure 7 shows the recalculated input using Krylov’s 
and Bellman’s methods for an input a = 0.35 s, B = 1.21, 
Y = 0.76. The function obtained using Krylov’s method 
agrees well with the given input, as do some of the points 
calculated using Bellman’s method. For input a < 0.35 s, 
the scatter in Bellman’s points becomes intolerable. There- 
fore, an input a = 0.35 s is the limit for Bellman’s method 
for this weighting function. Figure 8 shows the input func- 
tion recalculated using Krylov’s method for an input a = 
0.2 s, B = 1.09, = 0.84, where agreement with the 
given input has deteriorated somewhat. For input a < 
2.0 

1 5  

10 

0 .5  

h” 
h, 

n 
0 

p = -  ho 
hw 

, I ( t )  

- - - - -  

t w  to 5 lo 
t, seconds 

Fig, 4. Input, realistic weighting function [Equations (5) and (911, 
and the output given by convolution. Input u = 0.2 s. 
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0.2 s, no agreement was achieved, and so input u = 0.2 s 
is the limit for Krylov's method. 

Special care must be taken when calculating the trans- 
form of an output with a time lag. At small times, any 
disturbance in the function is greatly amplified because 
of the rapidly decreasing magnitude of e - P t  in the trans- 
formation integral. To surmount this difficulty, the numeri- 
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Fig. 10. Analysis of experimental data: Bellman's and Krylov's inver- 
sion techniques transforming the experimental output numerically. 
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cally calculated output was only considered nonzero when 
the integral was larger than 1 % of the final value. 

I t  is important to note that Krylov's method failed when 
the apparent time lag generated by the weighting func- 
tion was used. When a larger time lag was used, the 
method produced more reasonable results. Figure 9 shows 
the results obtained using Krylov's method with different 
time lags. The apparent time lag (that is, that correspond- 
ing to appearance of 1% of the area of the total output 
signal) was 3.6 s, and all the curves are shifted to initial 
time zero in order to make the comparison with the given 
input possible. 

It can be observed that the best agreement with the 
original input is obtained when the apparent time lag 
is overestimated by 1.5 s. Higher values do not alter the 
results much, while lower values drastically change the 
shape of the recalculated functions. 
Reduction of Experimental Data 

The data reduction method was applied to an experi- 
mental data set for which an input function had been 
estimated through the use of a mechanistic model (Blair 
et al., 1977). The data set used was denoted WYODAK 
#11 in that publication. 

The real time lag of the output was not measured. In 
order to overcome that problem, an arbitrary large time lag 
was assumed, and the input function was obtained. The 
effect of the large time lag was to shift the input so that 
it started at some positive value of time. 

Results obtained through the application of this method 
are shown in Figure 10, where the calculated input func- 
tion was assumed to begin at the origin. Both inversion 
techniques give results which agree very well with each 
other and reasonably well with those obtained by Blair 
et al. (1977). Note that the continuous function that can 
be derived using Krylov's technique does not represent 
the curve which would best seem to fit the points obtained 
using Bellman's technique. 

NOTATION 
estimated t ime lay ,  8. 

d ispers ion  c o e f f i c i e n t ,  cm2s-1 

dispersion parameter ( = m) 
funct ion i n  t ime domain 

Laplace Transform of f ( t )  

J-l 

D 

UL 

i n p u t  funct ion,  s - l  

c a p i l l a r y  length,  cm 

dispersion parameter ( = -% 

output funct ion,  5 - '  

canplex v a r i a b l e  i n  Laplace Space 

time. s 

mean of Normal D i s t r i b u t i o n ,  Eq. 5, 5 .  

mean v e l o c i t y  i n  c a p i l l a r y ,  a s - '  

weight ing funct ion,  8 - l  

t r a n s f e r  func t ion ,  Laplace Transfom of W(t) 

de f ined in Fig. 3, s. 

def ined i n  Fig. 3. see tex t .  

defined i n  Eq. 11. 

def ined i n  Fig. 4 ,  see t e x t .  

def ined i n  Eq. 13. 

defined i n  Eq. 12. 

var iance of Normal D i s t r i b u t i o n ,  Eq. 5, 5 .  

mean residence time i n  we l l  s t i r r e d  tank, s. 

mean residence t ime i n  c a p i l l a r y ,  8 .  

2QN 
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JOURNAL REVIEW 

Hydrodynamics and Solid-Liquid Contacting 
Effectiveness in Trickle-Bed Reactors 

A. GIANETTO, G. 

The term trickle-bed reactor usually means a reactor in 
which a liquid phase and a gas phase flow concurrently 
downward through a bed of catalytic pellets. 

Trickle-bed reactors or similar apparatuses are used 
in the chemical, petrochemical, and petroleum industries, 
as well as in the field of wastewater treatment (trickling 
filters). 

Considerable attention has therefore been recently 
directed to their fundamental mechanisms. These are 
rather complicated, owing to the three phases involved. 

The subject as a whole has been reviewed in three 
papers (Satterfield, 1975; Hofmann, 1977; Hofmann, 
1978); in addition, Laurent et al. (1974) and Charpen- 
tier (1976) have reviewed gas-liquid mass transfer in 
packed beds. 

Most recent works on trickle-bed reactors deal with 
their hydrodynamics, modeling, and solid-liquid contact- 
ing effectiveness. Although in these works comparisons 
are made between the results obtained from different 
sources, a more extensive, critical analysis of these three 
topics seems worthwhile. 

HYDRODYNAMICS 

The hydrodynamics studies considered in this section 
concern the flow regimes, liquid distribution on the pack- 
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ing, pressure drop, and liquid holdup. The following pa- 
rameters must be considered: gas and liquid flow rates, 
physical properties of the liquid phase, foaming charac- 
teristics of the system, and packed-bed geometry. 

Hydrodynamic Regimes 

Two-phase flow regimes. Many studies have been car- 
ried out for two-phase concurrent downward flow with 
nonfoaming systems (Larkins et al., 1961; Weekman and 
Myers, 1964; Sat0 et al., 1973; Charpentier and Favier, 
1975; Midoux et al., 1976; Chou et al., 1976; Specchia 
and Baldi, 1977). For an air-water system at low liquid 
flow rates (L  < 3 to 5 kg/m%), a gas continuous chan- 
neled or trickling flow occurs at low gas flow rates; then, 
by increasing the gas flow rate, a spray flow appears. 

At L between 5 and 35 kg/m2s, on increasing the gas 
flow rate, gas continuous channeled flow, pulsing flow, 
and spray flow occur in succession. 

When L > 35 kg/m2s, and the gas flow rate is low, a 
dispersed bubble flow can be observed, followed by a 
pulsing flow when the gas flow rate is increased. 

The hydrodynamic regimes set up in a packed bed 
when foam appears have been defined by Charpentier and 
Favier (1975) and Midoux et al. (1976). Trickling flow, 
foaming flow, foaming-pulsing flow, pulsing flow, and 
spray flow can be observed. 
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